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Page 1 of 6

Problem 4.64

The electron in a hydrogen atom occupies the combined spin and position state

(a)

(b)
(c)
(d)

Ry (MYPm + \/%fof) -

If you measured the orbital angular momentum squared (L?), what values might you get,
and what is the probability of each?

Same for the z component of orbital angular momentum (L ).
Same for the spin angular momentum squared (S?).

Same for the z component of spin angular momentum (.S;).

Let J =L + S be the total angular momentum.

(e)
(f)
(8)

(h)

If you measured J?, what values might you get, and what is the probability of each?
Same for J,.

If you measured the position of the particle, what is the probability density for finding it at
r,0,97?

If you measured both the z component of the spin and the distance from the origin (note
that these are compatible observables), what is the probability per unit r for finding the
particle with spin up and at radius r?

Solution

The state of the electron in a hydrogen atom is given.

\I/e(T‘, 9, gb) = Rzl(r) \/g

LYIO(H’ ¢)X+ + \/gyll (07 ¢)X]

Part (a)

Apply L? to each of the eigenstates to determine the possible measurements of the orbital angular
momentum squared of the electron.

LYY =101 + 1)R%Y?
LY = R+ )Y —

L2V = 1(1 + D)RY,

Therefore, the possible measurements and their corresponding probabilities are

112 1

2h%  with probabilit | ==
P Y V3 3

o 9

2h?  with probability 3l =3
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that is, a measurement of 2h? with probability 1.
Part (b)

Apply L, to each of the eigenstates to determine the possible measurements of the z-component
of orbital angular momentum of the electron.

LYY = h(0)Y_
LY™ = hm Y™ —
L.Y{ = h(1)Y{

Therefore, the possible measurements and their corresponding probabilities are

0 with probabilit L_1
wi robabili — ==
p Y |5l T3

2 ? 2

h with probability 3l =3

Part (c)

Rewrite the wave function in terms of the eigenstates of S2.
1 11 2 1 -1
U (r,0,9) =R —=Y(0,9) |- = SYH0,9) |5 —
e(ra 7¢) 21(7’) [\/5 1(7¢)’22>+ 3 1(7¢)‘2 2>]
Apply S? to each of the eigenstates to determine the possible measurements of the spin angular

momentum squared of the electron.
11 1/3Y\ .o
2 2> 2 <2> n

Lo\ 18) sl
2 2 2\ 2 22

Therefore, the possible measurements and their corresponding probabilities are

52|s ms) = hQS(S +1)|sms) —

3h2 11?2 1
“" with probabilit —| =

4 W1 pro anlll y \/3 3
Ry 2 ? 2
e with probability 3 = 3

that is, a measurement of 3h%/4 with probability 1.
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Part (d)

Rewrite the wave function in terms of the eigenstates of S, .

\}gylo(97¢) ‘; ;> + \/§Y11(9,¢) ‘; _21>]

Apply S, to each of the eigenstates to determine the possible measurements of the z-component

of spin angular momentum of the electron.
11 1\ |11
2 \N—ph(=2)]=2
22 2)122

s7) (37

W.(r,0,¢) = Ro1(r)

S

S.|s ms) = hmg|ls ms) —

Therefore, the possible measurements and their corresponding probabilities are

ith probabilit 0
wi robabili —| ==
p Yy /3 3

2 ? 2
— with probability 3| =3

Part (e)

Rewrite the wave function in terms of the eigenstates of J? by using the appropriate
Clebsch—Gordon table on page 179.

‘Ile(ra 0, (b) = RQl(T) \}gylo(97 ¢)X+ + \/zyrll(ev ¢)X—]
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3/2
1 x1/2
©+3/2 1/2
+1 +1/2 1 1/2 172,
>(+1 =121 1/3 213 32 12
—»|C0 +1/ 2137=1/3 | -1/2 —-1/2
0 -1/21 2/3 1/3 | 3/2
C-G Coefficients =1 +172( 1/73 -2/3 |-3/2
-1 -1/2 1

1 1 31 11
1 i U 4 _ \/7 ol \/7 41
2 2 22 22
Apply J? to each of the eigenstates to determine the possible measurements of the total angular

momentum squared of the electron.
231\ _ 3 (5] 12
22 2\ 2

L1\ _1(8) (11
22 2\ 2 22

Therefore, the possible measurements and their corresponding probabilities are

J

J2jm) =R+ D)jm) —
J

2

with probability

h? 1
5 with probability 3

Part (f)
The eigenstates of J? are also the eigenstates of J,, so use the wave function in part (e) and apply

J. to each of the eigenstates to determine the possible measurements of the z-component of the
total angular momentum of the electron.
1\ (31
nl=112 =
(3)]z2)

2) =) )

J.|j m) = hm|jm) —

www.stemjock.com



Griffiths Quantum Mechanics 3e: Problem 4.64 Page 5 of 6

Therefore, the possible measurements and their corresponding probabilities are

2
h 22| 8
5 Wwith probability \3[ =3
h 12 1
5 with probability 3l o

that is, a measurement of //2 with probability 1.
Part (g)

Write the given state of the electron in matrix form.

‘I’G(T‘, 0, ¢) - RQI(T) \}51/10(07 ¢)X+ + \/zyll (97 ¢)X—]

1 1 2 0
- %Rm(r)}/lo(é?,(b) [0] + \/;321(7“)5/11(9>¢) [1]
%Rgl(r)YP(ﬁ, ¢)

V2 B (Y16, 6)

If the position of the electron is measured, the probability density for finding it at r, 0, ¢ is

R21( )YP(0,9)

sto.=Lymontoor imonas]| 70
21

!R21 ‘Yl ‘ + = |R21 ‘Yl )‘2

LR () [[700,0) + 211 6,0)]"]

1 ! a3 exp \/—0089
2\[0 aop 2a0

1 2 3 6
— —r/ag 2 2 0+ — i 2 0
3 (24a86 ) (47r CosTOF g S )

7“2

+ 2

“83 s1n9€’¢

—r/ao

- 967Ta8

Note that ag is the Bohr radius, and the spherical harmonics and the radial wave functions can be
found on pages 137 and 151, respectively.
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Part (h)

The fact that the z-component of the spin angular momentum and the distance from the origin
are compatible observables means that the measurement of one does not affect the measurement
of the other. Consequently, the probability of finding the electron with spin up (event A) and
finding the electron at radius r (event B) is the product of the probabilities of these two events
individually.

P(A and B) = P(A)P(B)

Finding the electron with spin up means measuring a value of /2 for the z-component of spin
angular momentum, and this was found in part (d) to have a probability of 1/3.

P(A and B) = %P(B)

Now integrate the probability density obtained in part (g) over a spherical shell with radius r to
get the probability per unit r of finding the electron at radius r.

P(A and B) = % // Uiw, dS

spherical shell
with radius r

1 T 27 7“2
=3 / / e~/ (12 sin 0 d¢ d6)
0o Jo

967ra8

’1“4 m 2
= e~ T/ / sin 6 d6 / do
2887['(18 0 0

r4

- 2887ra8

e~/ (2)(2r)

’1“4

— 677"/(10
72&8
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